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Abstract: 

The study examines the close behavioral properties of solutions of a new class of difference equations. This new 

equation encompasses stability, periodicity, and oscillation of solutions, and includes numerous other equations as 

special cases. A majority of these special cases have not been previously studied. In addition, a distinctive and 

effective method is used to study the periodic solution of the second period with arbitrary real-number coefficients. 

Two applications of these equations are developed to validate the analysis. 
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1. Introduction 

Studying difference equations during the last decades of the twentieth century became a primary focus for many 

researchers. As a result, numerous rigorous methods for studying the qualitative behavior of difference equations were 

developed. Many mathematicians have studied the convergent behavior of various types of difference equations. This 

field is of interest because such equations model phenomena in everyday life, including life sciences, electrical 

circuits, biology, probability theory, economics, and related areas. 

The aim of this paper is to investigate the behavioral properties of solutions of a class of difference equations of the 

form 

υⁿ₊₁ = Ψ( υⁿ₋ₛ, υⁿ₋ₗ, υⁿ₋ₖ )    (1.1) 

where s, k, and l are positive integers. The function Ψ(uₛ, uₗ, uₖ) : (0, ∞)³ → (0, ∞) is a homogeneous real-valued 

continuous function of degree zero, and the initial conditions υ₋ᵣ, υ₋ᵣ₊₁, …, υ₀ are positive real numbers, where r = 

max{l, s, k}. Specifically, we discuss the oscillation, stability, and periodicity of solutions of equation (1.1). 

For further details on the qualitative behavior of nonlinear difference equations, the reader is referred to [1]–[34]. 

This paper is organized in three parts. First, a new class of difference equations is presented as a framework for 

developing general theories for studying the convergent behavior of their solutions. Second, a distinctive and effective 

method introduced in [16] and modified in [24, 25] is employed; specifically, in Theorem 2.2. This method applies to 

many difference equations that cannot be solved by classical means. Third, a set of applications for these 

homogeneous difference equations, which have not been addressed previously, is developed. 

2. Main Results 

The following useful lemmas are stated here for later use. Proofs of some lemmas that have straightforward derivations 

are omitted for brevity. 

LEMMA 2.1. 

Equation (1.1) has an equilibrium point υ̅ = Ψ(1, 1, 1).    (2.1) 

LEMMA 2.2. 

If Ψ is a homogeneous function of degree zero, then 
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Ψᵤₛ(1, 1, 1) + Ψᵤₗ(1, 1, 1) + Ψᵤₖ(1, 1, 1) = 0.    (2.2) 

PROOF. 

By Euler’s theorem for homogeneous functions, 

uₛ Ψᵤₛ + uₗ Ψᵤₗ + uₖ Ψᵤₖ = 0.    (2.3) 

Setting (uₛ, uₗ, uₖ) = (υ̅, υ̅, υ̅) and using the fact that Ψᵤₖ, Ψᵤₗ, and Ψᵤₛ are homogeneous of degree −1 (see [9]), the result 

(2.2) follows directly. This completes the proof. 

The following theorem gives the qualitative behavior of solutions of equation (1.1). 

THEOREM 2.1. 

If   (|Ψᵤₛ + Ψᵤₗ| + |Ψᵤₛ| + |Ψᵤₗ|)(1, 1, 1) < Ψ(1, 1, 1),    (2.4) 

then the equilibrium point of equation (1.1) is locally asymptotically stable. 

PROOF. 

The linearization of equation (1.1) about the equilibrium point υ̅ gives the linear difference equation 

wⁿ₊₁ − Ψᵤₛ(υ̅, υ̅, υ̅) wⁿ₋ₗ − Ψᵤₗ(υ̅, υ̅, υ̅) wⁿ₋ₛ − Ψᵤₖ(υ̅, υ̅, υ̅) wⁿ₋ₖ = 0. 

By Theorem 1.3.7 in [19], equation (1.1) is locally asymptotically stable if 

|Ψᵤₛ(υ̅, υ̅, υ̅)| + |Ψᵤₗ(υ̅, υ̅, υ̅)| + |Ψᵤₖ(υ̅, υ̅, υ̅)| < 1, 

which, since Ψ is homogeneous of degree zero, is equivalent to 

|Ψᵤₛ(1,1,1)| + |Ψᵤₗ(1,1,1)| + |Ψᵤₖ(1,1,1)| < Ψ(1,1,1). 

Applying Lemma 2.2, condition (2.4) follows. This completes the proof. 

EXAMPLE 2.1. 

Consider the difference equation 

υⁿ₊₁ = a + b exp(υⁿ₋ₗ / (cυⁿ + dυⁿ₋₂))    (2.5) 

Here, Ψ(uₛ, uₗ, uₖ) = a + b exp(uₗ / (cuₖ + duₛ)), and the partial derivatives are 

Ψᵤₛ = −bcuₗ / (cuₛ + duₖ)² ⋅ exp(uₗ / (cuₛ + duₖ)); 

Ψᵤₗ = b / (cuₛ + duₖ) ⋅ exp(uₗ / (cuₛ + duₖ)). 

According to Theorem 2.1, if 

ae^(−1/(c+d)) + b > bc/(c+d)² + b/(c+d) + bd/(c+d)², 

the positive equilibrium point υ̅ = a + be^(1/(c+d)) is locally asymptotically stable, which simplifies to (ae^(−1/(c+d)) 

+ b)(c + d) > 2b. For example, let a = b = c = d = 1, υ₀ = 2.55, and υ₋₁ = 2.8. Figure 1 shows the corresponding stable 

solution to equation (2.5). 

https://bharatpublication.com/ijabas/


International Journal of Analysis of Basic and Applied Science                                                  ISSN: 2457-0451 

 

Vol. No.10, Issue I, Jan-Mar, 2026           https://bharatpublication.com/ijabas/ 

 

3 

 

BHARAT PUBLICATION 

 

Figure 1: Stable solution of the difference equation (2.5). 

The following results give sufficient and necessary conditions for the existence of prime period-two solutions of 

equation (1.1). 

LEMMA 2.3. 

Equation (1.1) does not have a prime period-two solution if l, k, and s are all odd or all even. 

PROOF. 

Suppose l, k, and s are all odd. Then, if equation (1.1) has a prime period-two solution …, ρ, σ, ρ, σ, …, substituting 

into (1.1) gives ρ = Ψ(ρ, ρ, ρ) and σ = Ψ(σ, σ, σ), from which ρ = σ = Ψ(1, 1, 1). This is a contradiction. The case 

where l, k, and s are all even is analogous. This completes the proof. 

THEOREM 2.2. 

Suppose l, k, and s are neither all even nor all odd. Then equation (1.1) has a prime period-two solution …, ρ, σ, ρ, 

σ, … if and only if 

Ψ(ηₖ, ηₗ, ηₛ) = τ Ψ(1/ηₖ, 1/ηₗ, 1/ηₛ),    (2.6) 

where τ = ρ/σ and ηₜ = 1 if t is even, ηₜ = τ if t is odd. 

PROOF. 

Without loss of generality, assume l > k. If equation (1.1) has a prime period-two solution …, ρ, σ, ρ, σ, …, then from 

(1.1): 

ρ = Ψ(ρ, ρ, σ);    σ = Ψ(σ, σ, ρ). 

Setting τ = ρ/σ and using the homogeneity of Ψ, this becomes ρ = Ψ(τ, τ, 1) and σ = Ψ(1, 1, τ). Therefore, 

τ = ρ/σ = Ψ(τ, τ, 1) / Ψ(1, 1, τ), 

which gives Ψ(τ, τ, 1) = τ Ψ(1/τ, 1/τ, 1), confirming (2.6). Conversely, taking initial conditions satisfying (2.6), the 

induction argument shows that υ₋₂ⁿ₋₁ = Ψ(τ, τ, 1) and υ₋₂ⁿ = Ψ(1/τ, 1/τ, 1) for all n ≥ 0. The remaining cases follow 

similarly. This completes the proof. 

EXAMPLE 2.2. 

Consider the difference equation 

υⁿ₊₁ = a + b(υⁿ/υⁿ₋₁) + c(υⁿ₋₁/υⁿ₋₂)    (2.7) 

By Theorem 2.2, equation (2.7) has a prime period-two solution if and only if Ψ(1, τ, 1) = τ Ψ(1, 1/τ, 1), which gives 

(τ − 1)(b + aτ + bτ − cτ + bτ²) = 0. Since τ ≠ 1, this simplifies to b/(c − a − b) = τ/(1 + τ²), and therefore b/(c − a − b) 

< 1/2, which yields c > a + 3b. For example, let c = 8, b = 2, a = 1, υ₀ = 18, υ₋₁ = 9, υ₋₂ = 18. Figure 2 shows the 

corresponding second-period solution of equation (2.7). 
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Figure 2: Second-period solution of the difference equation (2.7). 

Finally, we discuss the oscillatory behavior of solutions of equation (1.1). 

THEOREM 2.3. 

Equation (1.1) has an oscillatory solution about υ̅ if 

0 < (−1)^(t+1) Ψᵤₜ    for t = s, l, k.    (2.8) 

PROOF. 

Without loss of generality, assume k = max{s, l, k}. By Lemma 2.2, equation (2.3) holds. Under condition (2.8), if s, 

l, and k are all odd, then Ψᵤₜ > 0 for all t = s, l, k, so uₖ Ψᵤₖ + uₗ Ψᵤₗ + uₛ Ψᵤₛ > 0, contradicting (2.3). Similarly, if s, l, 

and k are all even, condition (2.8) is not satisfied. 

Now consider the case where k and l are odd and s is even. From (2.8), Ψᵤₖ > 0, Ψᵤₗ > 0, and Ψᵤₛ < 0. Suppose {υⁿ} is 

a solution of (1.1) with initial conditions satisfying υ̅ < υ₋ₛ₊₂ⁿ and υ̅ > υ₋ₛ₊₂ⁿ₊₁ for η = 0, 1, …, (s−1)/2. Since l is odd 

and k is even, υ̅ > υ₋ₗ and υ̅ > υ₋ₖ, so 

υ₁ = Ψ(υ₋ₛ, υ₋ₗ, υ₋ₖ) > Ψ(υ̅, υ̅, υ₋ₖ) > Ψ(υ̅, υ̅, υ̅) = υ̅. 

Similarly, υ₂ < υ̅. By induction, υ̅ < υ₋₂μ₋₁ and υ̅ > υ₋₂μ for every μ ≥ 1, so {υⁿ} is an oscillatory solution. The remaining 

cases follow analogously. This completes the proof. 

EXAMPLE 2.3. 

The difference equation (2.5) has an oscillatory solution about υ̅ by Theorem 2.3. 

3. Examples 

There are many homogeneous difference equations that arise as special cases of equation (1.1). We present two 

applications involving rational homogeneous difference equations. 

EXAMPLE 3.1. 

Consider the difference equation 

υⁿ₊₁ = b + a exp((υⁿ₋₃ + υⁿ₋₄) / υⁿ)    (3.1) 

Here, Ψ(υ, u, w) = b + a exp((u + υ) / w), which is homogeneous of degree zero. 

Stability: By Theorem 2.1, if 3be² < a, the positive equilibrium point υ̅ = a + be² is locally asymptotically stable. For 

example, let b = 0.25, a = 7, υ₀ = 8.7, υ₋₁ = 8.6, υ₋₂ = 8.4. Figure 3 shows the corresponding stable solution of equation 

(3.1). 
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Figure 3: Stable solution of the difference equation (3.1). 

Periodicity: By Theorem 2.2, if a = b(τ exp(1 + 1/τ) − exp(τ + 1)) / (1 − τ), (3.2), then equation (3.1) has a prime 

period-two solution. The minimum of the expression on the right-hand side over τ ∈ ℝ⁺ equals e², giving the condition 

be² < a. For example, let b = 1, a = e³ − 2e^(3/2), υ₀ = 2e³ − e^(3/2), υ₋₁ = e³ − e^(3/2), υ₋₂ = 2e³ − e^(3/2). Figure 4 

shows the corresponding second-period solution of equation (3.1). 

 

Figure 4: Second-period solution of the difference equation (3.1). 

EXAMPLE 3.2. 

Consider the difference equation 

υⁿ₊₁ = ln(b(υⁿ₋₃/υⁿ) + c(υⁿ/υⁿ₋₆)) + a    (3.3) 

where a, b, c are positive real numbers and b ≥ 1. Here, Ψ(υ, u, w) = ln(b(u/υ) + c(υ/w)) + a, which is homogeneous 

of degree zero. 

Stability: By Theorem 2.1, if |b − c| + b + c < ln(b + c)(a + ln(b + c)), the positive equilibrium point υ̅ = a + ln(b + c) 

is locally asymptotically stable. For example, let c = 2, b = 0.5, a = 4, υ₀ = 3, υ₋₁ = 5, υ₋₂ = 4.1. Figure 5 shows the 

corresponding stable solution of equation (3.3). 
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Figure 5: Stable solution of the difference equation (3.3). 

Periodicity: By Theorem 2.2, if a = (τ ln(c + b/τ) − ln(bτ + c)) / (1 − τ), equation (3.3) has a prime period-two solution. 

When b = c, the condition becomes a + ln b = τ ln τ/(τ − 1) − ln(τ + 1), and the maximum of the right-hand side over 

τ ∈ ℝ⁺ is approximately 0.32. Thus ln b + a < 0.32. For example, let b = c = 1, a = 2 ln 2 − ln 3, υ₀ = 2 ln 2, υ₋₁ = ln 2, 

υ₋₂ = 2 ln 2. Figure 6 shows the corresponding second-period solution of equation (3.3). 

 

Figure 6: Second-period solution of the difference equation (3.3). 

References 

[1] Abdelrahman, M. A. E., Chatzarakis, G. E., Li, T., & Moaaz, O. (2018). On the difference equation Jⁿ₊₁ = aJⁿ₋ₗ + 

bJⁿ₋ₖ + Ψ(Jⁿ₋ₗ, Jⁿ₋ₖ). Advances in Difference Equations, 2018, Article 431. 

[2] Abdelrahman, M. A. E., & Moaaz, O. (2017). Investigation of the new class of nonlinear difference equations. 

Fundamental Research and Development International, 7(1), 59–72. 

[3] Abdelrahman, M. A. E., & Moaaz, O. (2018). On the new class of nonlinear difference equations. Electronic 

Journal of Mathematical Analysis and Applications, 6(1), 117–125. 

[4] Abu-Saris, R. M., & Devault, R. (2003). Global stability of yⁿ₊₁ = A + yⁿ/yⁿ₋ₖ. Applied Mathematics Letters, 16(2), 

173–178. 

[5] Amleh, A. M., Grove, E. A., Georgiou, D. A., & Ladas, G. (1999). On the recursive sequence vⁿ₊₁ = a + vⁿ₋₁/vⁿ. 

Journal of Mathematical Analysis and Applications, 233(2), 790–798. 

[6] Berenhaut, K. S., Foley, J. D., & Stevic, S. (2007). The global attractivity of the rational difference equation yⁿ = 

1 + yⁿ₋ₖ/yⁿ₋ₘ. Proceedings of the American Mathematical Society, 135(4), 1133–1140. 

https://bharatpublication.com/ijabas/


International Journal of Analysis of Basic and Applied Science                                                  ISSN: 2457-0451 

 

Vol. No.10, Issue I, Jan-Mar, 2026           https://bharatpublication.com/ijabas/ 

 

7 

 

BHARAT PUBLICATION 

[7] Berenhaut, K. S., & Stevic, S. (2006). The behavior of the positive solutions of the difference equation Vⁿ = A + 

(vⁿ₋₂/vⁿ₋₁)^p. Journal of Difference Equations and Applications, 12(9), 909–918. 

[8] Border, K. C. (2017). Euler’s theorem for homogeneous functions. Caltech Division of the Humanities and Social 

Sciences, 16–34. 

[9] Devault, R., Ladas, G., & Schultz, S. W. (1998). On the recursive sequence vⁿ₊₁ = A/vⁿ + 1/vⁿ₋₂. Proceedings of 

the American Mathematical Society, 126(11), 3257–3261. 

[10] Devault, R., Kent, C., & Kosmala, W. (2003). On the recursive sequence vⁿ₊₁ = p + vⁿ₋ₖ/vⁿ. Journal of Difference 

Equations and Applications, 9(8), 721–730. 

[11] Devault, R., & Schultz, S. W. (2005). On the dynamics of vⁿ₊₁ = (βvⁿ + γvⁿ₋₁)/(Bvⁿ + Dvⁿ₋₁). Communications in 

Applied Nonlinear Analysis, 12, 35–40. 

[12] Elabbasy, E. M., El-Metwally, H., & Elsayed, E. M. (2007). Qualitative behavior of higher order difference 

equations. Soochow Journal of Mathematics, 33(4), 861–873. 

[13] Elabbasy, E. M., El-Metwally, H., & Elsayed, E. M. (2008). On the difference equation vⁿ₊₁ = (avⁿ₋ₗ + βvⁿ₋ₖ)/(Avⁿ₋ₗ 

+ Bvⁿ₋ₖ). Acta Mathematica Vietnamica, 33(1), 85–94. 

[14] El-Owaidy, H., Ahmed, A., & Mousa, M. (2004). On asymptotic behavior of the difference equation vⁿ₊₁ = a + 

vⁿ₋ₗ/vⁿ. Applied Mathematics and Computation, 147(1), 163–167. 

[15] El-Owaidy, H. M., Ahmed, A. M., & Mousa, M. S. (2003). On asymptotic behavior of the difference equation 

vⁿ₊₁ = a + (vⁿ₋ₗ/vⁿ)^δ. Journal of Applied Mathematics and Computing, 12, 31–37. 

[16] Elsayed, E. M. (2015). Dynamics and behavior of a higher order rational difference equation. Journal of 

Nonlinear Sciences and Applications, 9, 1463–1474. 

[17] Hamza, A. E. (2006). On the recursive sequence vⁿ₊₁ = a + vⁿ₋ₗ/vⁿ. Journal of Mathematical Analysis and 

Applications, 322(1), 668–674. 

[18] Kalabusic, S., & Kulenovic, M. R. S. (2003). On the recursive sequence vⁿ₊₁ = (γvⁿ₋ₗ + δvⁿ₋₂)/(Cvⁿ₋ₗ + Dvⁿ₋₂). 

Journal of Difference Equations and Applications, 9(8), 701–720. 

[19] Kocic, V. L., & Ladas, G. (1993). Global behavior of nonlinear difference equations of higher order with 

applications. Kluwer Academic. 

[20] Kulenovic, M. R. S., Ladas, G., & Sizer, W. S. (1998). On the dynamics of vⁿ₊₁ = (avⁿ + βvⁿ₋₁)/(γvⁿ + δvⁿ₋₁). 

Mathematical Sciences Research Hot-Line, 2(5), 1–16. 

[21] Kulenovic, M. R. S., & Ladas, G. (2002). Dynamics of second order rational difference equations. Chapman & 

Hall/CRC. 

[22] Khuong, V. V. (2008). On the positive nonoscillatory solution of difference equations vⁿ₊₁ = a + (vⁿ₋ₖ/vⁿ₋ₘ)^p. 

Applied Mathematics: A Journal of Chinese Universities, 24(1), 45–48. 

[23] Kulenovic, M. R. S., & Ladas, G. (2002). Dynamics of second order rational difference equations. Chapman & 

Hall/CRC. [Duplicate of [21]] 

[24] Moaaz, O., & Abdelrahman, M. A. E. (2016). Behaviour of the new class of rational difference equations. 

Electronic Journal of Mathematical Analysis and Applications, 4(2), 129–138. 

[25] Moaaz, O. (2017). Comment on “New method to obtain periodic solutions of period two and three of a rational 

difference equation [Nonlinear Dyn 79:241–250]”. Nonlinear Dynamics, 88(2), 1043–1049. 

[26] Moaaz, O. (2018). Dynamics of difference equation Jⁿ₊₁ = Ψ(Jⁿ₋ₗ, Jⁿ₋ₖ). Advances in Difference Equations, 2018, 

Article 447. 

[27] Moaaz, O., Chalishajar, D., & Bazighifan, O. (2019). Some qualitative behavior of solutions of general class of 

difference equations. Mathematics, 7(7), Article 585. https://doi.org/10.3390/math7070585 

[28] Ocalan, O. (2014). Dynamics of the difference equation vⁿ₊₁ = p + vⁿ₋ₖ/vⁿ with a period-two coefficient. Applied 

Mathematics and Computation, 228, 31–37. 

https://bharatpublication.com/ijabas/


International Journal of Analysis of Basic and Applied Science                                                  ISSN: 2457-0451 

 

Vol. No.10, Issue I, Jan-Mar, 2026           https://bharatpublication.com/ijabas/ 

 

8 

 

BHARAT PUBLICATION 

[29] Saleh, M., & Aloqeili, M. (2005). On the rational difference equation vⁿ₊₁ = A + vⁿ₋ₖ/vⁿ. Applied Mathematics 

and Computation, 171(2), 862–869. 

[30] Stevic, S. (2003). On the recursive sequence vⁿ₊₁ = avⁿ + vⁿ₋₁/vⁿ II. Dynamics of Continuous, Discrete and 

Impulsive Systems Series A, 10, 911–917. 

[31] Stevic, S. (2005). On the recursive sequence vⁿ₊₁ = a + (vⁿ₋ₗ/vⁿ)^p. Journal of Applied Mathematics and 

Computing, 18, 229–234. 

[32] Stevic, S., Kent, C., & Berenhaut, K. (2006). A note on positive nonoscillatory solutions of the difference 

equation vⁿ₊₁ = a + (vⁿ₋ₗ/vⁿ)^p. Journal of Difference Equations and Applications, 12(5), 495–499. 

[33] Sun, T., & Xi, H. (2007). On convergence of the solutions of the difference equation vⁿ₊₁ = 1 + vⁿ₋ₗ/vⁿ. Journal of 

Mathematical Analysis and Applications, 325(2), 1491–1494. 

[34] Yan, X. X., Li, W. T., & Zhao, Z. (2005). On the recursive sequence vⁿ₊₁ = a − vⁿ/vⁿ₋₁. Journal of Applied 

Mathematics and Computing, 17(1–2), 269–282. 

Department of Mathematics, Faculty of Education, University of Tikrit, Iraq 

Email: aaalbayaty77@gmail.com 

https://bharatpublication.com/ijabas/

